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Euclid's algorithm, is an efficient method for computing the greatest common

divisor (GCD) of two numbers, the largest number that divides both of them

without leaving a remainder.

The greatest common divisor of integers a and b, denoted by gcd(a,b), is the largest

integer that divides (without remainder) both a and b. So, for example:

gcd(15,5) =5, gcd(7,9) =1, gcd(12,9)=3, gcd(81,57)=3.

The gcd of two integers can be found by repeated application of the division
algorithm, this is known as the Euclidean Algorithm. You repeatedly divide the
divisor by the remainder until the remainder is 0. The gcd is the last non-zero

remainder in this algorithm. The following example shows the algorithm.
Finding the gcd of 81 and 57 by the Euclidean Algorithm:

81 = 1(57) + 24
57 =2(24) + 9
24 =2(9) + 6
9=1(6) +3
6=2(3) +0.

It is well known that if the gcd(a, b) = r then there exist integers p and s so that:

p(a) +s(b) =r.
By reversing the steps in the Euclidean Algorithm, it is possible to find these

integers p and s. We shall do this with the above example:
Starting with the next to last line, we have:

3=9-1(6)


https://en.wikipedia.org/wiki/Greatest_common_divisor
https://en.wikipedia.org/wiki/Greatest_common_divisor
https://en.wikipedia.org/wiki/Remainder
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From the line before that, we see that 6 = 24 - 2(9), so:
3=9-1(24-2(9)) =3(9) - 1(24).
From the line before that, we have 9 =57 - 2(24), so:
3=3(57 - 2(24)) - 1(24) = 3(57) - 7(24).
And, from the line before that 24 =81 - 1(57), giving us:
3=3(57)-7(81-1(57)) = 10(57) -7(81).

So we have found p =-7 and s = 10.

The procedure we have followed above is a bit messy because of all the back
substitutions we have to make. It is possible to reduce the amount of computation
involved in finding p and s by doing some auxillary computations as we go forward
in the Euclidean algorithm (and no back substitutions will be necessary). This is

known as the extended Euclidean Algorithm.

The Extended Euclidean Algorithm for finding the inverse of a number mod n.

We will number the steps of the Euclidean algorithm starting with step 0. The
quotient obtained at step i will be denoted by qi. As we carry out each step of the
Euclidean algorithm, we will also calculate an auxillary number, p;. For the first two
steps, the value of this number is given: po = 0 and p; = 1. For the remainder of the
steps, we recursively calculate p; = pi2 - pi1 i-2 (mod n). Continue this calculation

for one step beyond the last step of the Euclidean algorithm.

The algorithm starts by "dividing" n by x. If the last non-zero remainder occurs at
step k, then if this remainder is 1, x has an inverse and it is px+2. (If the remainder is

not 1, then x does not have an inverse.) Here is an example:

Find the inverse of 15 mod 26.
Step0: 26 =1(15)+11 po=0
Stepl: 15=1(11)+4 p;1=1

Step2: 11=2(4)+3  p;=0-1(1) mod 26 = 25
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Step3: 4=1(3)+1 p3=1-25(1) mod 26 =-24 mod 26 =2
Step4: 3=3(1)+0 Ps=25-2(2) mod 26 =21

ps =2 -21(1) mod 26 =-19 mod 26 = 7

Notice that 15(7) = 105 =1 + 4(26)=1 (mod 26).
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GCD(A,B)=GCD(B,r) - GCD(N,0)
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Ex: a=1071 and b=462
1071 = 2 x 462 + 147

462 =3 x147+21

147 =7x21+0
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